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Abstract. In this paper we describe all gradings by abelian groups without 
elements of order p, where p > 2 is the characteristic of the base field, on the 
simple graded Cartan type Lie algebras. 



1. Introduction 

Let A be an algebra, G a group and let Aut A, Aut G be the automorphism 
groups of A and G, respectively. 

Definition 1.1. A grading by a group G on an algebra A, also called a G '-grading, 
is a decomposition A = Q) geG A g where each A g is a subspace such that A g >A g » c 
Agig/i for all g' ', g" S G. For each jeG, we call the subspace A g the homogeneous 
space of degree g. A subspace of A is called graded if V = © s6 g(^ flA 9 ). The 
set Supp A = {g <e G\A g 0} is called the support of the grading. 

For a grading by a group G on a simple Lie algebra L, it is well known that the 
subgroup generated by the support is abelian Lemma 2.1]. For the remainder of 
the paper we always assume without loss of generality that the group is generated 
by the support. If A is finite-dimensional, this assumption implies that G is finitely 
generated. 

Definition 1.2. Two gradings A = A g and A = A' h of an algebra A are 

g£G heG 

called equivalent if there exist \t e Aut (A) and 9 £ Aut(G) such that *&(A g ) = A' g ^ 
for all g E G. If is the identity, we call the gradings isomorphic. 

Definition 1.3. Let A = seG A g be a grading by a group G on an algebra A and 
y> a group homomorphism of G onto iJ. The coarsening of the G-grading induced 
by ip is the _ff-grading defined by A = Q) heH Ah where 

Ah = A g , 

g£G, ip(g)—h 

The task of finding all gradings on simple Lie algebras by abelian groups in the 
case of algebraically closed fields of characteristic zero is almost complete — see [5] 
and also [31 HI [SJ [SJ [71 |H1 HD]- In the case of positive characteristic, a description 
of gradings on the classical simple Lie algebras, with certain exceptions, has been 
obtained in [T], [2]. In the case of simple Cartan type Lie algebras, the gradings by Z 
have been described in [13] . All of them, up to isomorphism, fall into the category of 
what we call standard gradings (which are coarsenings of the canonical Z fc -gradings) 
- see Definitions 12.51 and 12.71 This paper will deal with gradings on the simple 
graded Cartan type Lie algebras by arbitrary abelian groups without p-torsion 
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in the case where the base field F (which is always assumed to be algebraically 
closed) has characteristic p > 2. We restrict ourselves to the graded Cartan type 
Lie algebras (i.e., those that have canonical Z-gradings). 

We use the notation of [13], which is our standard reference for the background 
on Cartan type Lie algebras. 

Our main result is the following. 

Theorem 1.4. Let L be a simple graded Cartan type Lie algebra over an alge- 
braically closed field of characteristic p > 2. If p = 3, assume that L is not iso- 
morphic to W(l;l) or H(2; (1,7J2))( 2 ) . Suppose L is graded by a group G without 
elements of order p. Then the grading is isomorphic to a standard G-grading. 

The correspondence between the gradings on an algebra by finite abelian groups 
of order coprime to p and finite abelian subgroups of automorphisms of this algebra 
is well known. Using the theory of algebraic groups, this extends to infinite abelian 
groups. Namely, a grading on an algebra L = (J) geG L g by a finitely generated 
abelian group without elements of order p gives rise to an embedding of the dual 
group G into Aut L using the following action: 

x*y = x(g)y, for all y e L g , geG, x e G. 

We will denote this embedding by rj : G — > Aut L, so 

v(x)(y) = x*y- 

If L is finite-dimensional, then AutL is an algebraic group, and the image rj(G) 
belongs to the class of algebraic groups called quasi-tori. Recall that a quasi-torus 
is an algebraic group that is abelian and that consists of semisimple elements. 
Conversely, given a quasi-torus Q in Aut i, we obtain the eigenspace decomposition 
of L with respect to Q, which is a grading by the group of characters of Q, G — 
X(Q). 

In this paper, L is a simple graded Cartan type Lie algebra, i.e., one of the 
following algebras: W(m;n), S(m;n)^' , H(m;n)( 2 \ K(m;n)^ where to is a pos- 
itive integer and n = (m, ...,n m ) is an m-tuple of positive integers — see the 
definitions in the next section. We will denote the type of L by A (to; nY°°\ The 
automorphism group of L can be regarded as a subgroup of Aut c (9(to; n), the group 
of continuous automorphisms of the commutative divided power algebra 0(m;n). 
Since rj(G) is a quasi-torus, a result by Platonov [T2] tells us that rj(G) is contained 
in the normalizer of a maximal torus. Starting from this result, we show that, 
in fact, 77(G) is conjugate to a subgroup of the standard maximal torus Tx (spe- 
cific for each type X(to; n^ 00 ** of simple graded Cartan type Lie algebra), which is 
responsible for the standard Z fc -grading on L where k depends on the type X. 

Unless it is stated otherwise, we denote by a and b some TO-tuples of non-negative 
integers and by i,j,k,l,q,r some integers. Any subset denoted by a calligraphic 
letter, for example W(m;n), is a subset of Aut c 0(m; n). 

2. Cartan Type Lie Algebras and Their Standard Gradings 

In this section we introduce some basic definitions, closely following [TBI Chapter 
2]. We start by defining the graded Cartan type Lie algebras Wfa^n), S'(TO;n)'- 1 \ 
H(m-n) {2) , K(m;n)^. 
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Definition 2.1. Let 0(m;n) be the commutative algebra 

0(m;n):=i a(a)x (a) \ a(a) e F 

[o<a<T(n) 

over a field F of characteristic p, where r(n) = (p ni — 1, . . . ,p n ™ — 1), with multi- 
plication 



3.(0)3.(6) = (" ' )./"• 



fa + b\ T-r fai + b, 
where = 

V a J t=i V ai 

For 1 < i < m, let := (0, . . . , 0, 1, . . . , 0), where the 1 is at the i-th position, 

and let Xi := x^ ei \ 

There are standard derivations on 0(m;n) defined by di(x^) = x^ a ~ Ei ^ for 
1 < i < m. 

Definition 2.2. Let W(m;n) be the Lie algebra 

W(m-n):=\ £ JA \ /, £ 0{m;n) 

[ l<i<m 

with the commutator defined by 

[fdi,gdj] = f(dig)dj - flf(0,-/)0», f,g G 0(m;n). 

The Lie algebras W(m;n) are called Witt algebras. W(m;n) is a subalgebra of 
Der 0(m; n), the Lie algebra of derivations of 0(m;n). 

The remaining graded Cartan type Lie algebras are subalgebras of W(m;n). 
When dealing with Hamiltonian and contact algebras in m variables (types H(m; n) 
and K(m;n) below), it is useful to introduce the following notation: 

i + r, if 1 < i < r 
i — r, if r + 1 < i < 2r, 

1, if 1 < i < r 
-I, ifr+l<i<2r, 

where m = 2r in the case of H(m;n) and 2r + 1 in the case of K(m;n). Note 
that we do not define m' or er(m) if m — 2r + 1. We will also need the following 
differential forms — see [HI Section 4.2]. 

u>s ■= dx\ A • • • A dx m , m > 3, 

r 

w# := dxj A c?Xi/, m = 2r, 

8=1 

2r 

Wjf := da;™ + a(i)xidxi> , m = 2r + i. 

i=l 

Definition 2.3. We define the special, Hamiltonian and contact algebras as follows: 



<r(i) = 



S(m;n) 
H(m;n) 



= {D eW(m;n) \ D(lu s ) = 0}, m > 3, 

= {D € W(m;ri) j D{lo h ) — 0}, m = 2r, 



K(m;n) := {D £ ^(mjn) | e Ofm;^}, m = 2r+l, 
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respectively. 

The algebras of Definitions 12.21 and 12.31 as well as their derived subalgebras, are 
collectively referred to as graded Cartan type Lie algebras. 

It is known that the Lie algebras W(m;n) are simple, but S(m;n) and H(m;n) 
are not simple, and K(m;n) are simple if and only if p divides m + 3. The first 
derived algebras S(m; n)W and K(m; n)^\ and second derived algebras H(m; n)^ 
are simple. The Cartan type Lie algebras defined above are called graded, because 
they have a canonical Z-grading, defined by declaring 

deg(x (a} d z ) = oi H ha m - 1 

for types W(m;n), S(m;n), i?(m;n), and 

deg(a; (a) 5 4 ) = a\ H h a m _i + 2a m - 1 - <5^ m 

for K(m; n). The Z-grading on W(m; n) is a coarsening of the following Z'"-grading. 

Definition 2.4. The Z m -gradings on 0(m;n) and W(v7i;n), 

0(m;n)= (J) 0(m;n) a , 
W(m;n) = W(m; 2 ) a , 

aGZ m 

where 

0(m;n) a = Span{a; (a) }, 
W(m;n) a = Span{x (a+efe) d k | 1 < k < m}, 
are called the canonical Z™ -gradings on 0(m;n) and W^mjn), respectively. 

Note that in the above grading on W(m;n) the support includes tuples with 
negative entries. For example W{m;n)- £i — Span{<9;}. The algebras S(m;n) and 
S(m; n)W are graded subspaces in the canonical Z m -grading on W(m;n), so they 
inherit the canonical Z m -grading. 

Definition 2.5. Let G be an abelian group, L — W(m;n) or S(m; n)*- 1 -* , and 
ip a homomorphism Z m — > G. The decompositions 0(m;n) = 9£G O 9 , L — 
® g eG L 9> given by 

O g = Span{s<°> | p(<0 = <?}, 

L 9 = Span{x (a) <9 fc | 1 < k < m, <p(a - e k ) = g}DL, 

are G-gradings on 0(m;n) and L, respectively. We call them the standard G- 
gradings induced by ip on 0(m;n) and L, respectively. We will refer to the standard 
G-grading induced by any ipasa standard G-grading when ip is not specified. 

Let L = W(m; n) and let L = © geG L g be the standard Z m -grading induced by 
<p. Let (p(ei) = gi G G. The corresponding action of G on L is defined by 

X * (x (a) d t ) = X (p(a - e^x^di = X (si) ai • ■ ■ xtsJ^xfe)^^^,, 

for all x G G. Hence 77(G) is a subgroup of the torus Tyy, 

T w := G AutW(m;n) | = tj l • • -t^t^x^d k , tj G F x }. 

Conversely, if Q is a quasi-torus in TV, it defines a standard grading on L by 
G = X(Q), the group of characters of Q. 
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In particular, the standard Z m -grading on W(m;n) corresponds to Q — Tw- 
Note that Tw preserves the subalgebra S{m]n)^ 1 \ and the restriction of Tw to 
S(m;n)^ is an isomorphic torus in Aut S(m; n)^. 

Lemma 2.6. 13, Section 7.4] The following are maximal tori of Aut W(m; n), 
Aut S (m; n)^~\ Aut H (m; n)^ and Aut K(m;n)^ 1 \ respectively: 

T w = T s = {^EAutW(m:n)\^(x^d i )=t a 1 1 ---t^t- 1 x^d l7 t l eF y }, 

T H = e Aut W(m;n) | *(x^flk) = i? 1 • • • i^" 1 ^ )^, i,eF x , 
tit*/ = tjtjv, 1 < i,j < r}, 

T K = {* e Aut VK(m;n) | ^(x^d,) = t^ 1 ■ ■■t^t7 l x^d h U G F x , 

□ 

We are now ready to define standard G-gradings on H{m;n) 1 ^ and K(m;n)^ . 
They are obtained by coarsening the canonical Z m -grading on W(m; n). The homo- 
morphism (p : Z m — > G must satisfy certain conditions in order for 77(G) to preserve 
H(m;n)( 2 ) and Kim; n)^, respectively. 

The canonical 1 r+1 -grading on H(2r;n) is the restriction of a coarsening of the 
Z m -grading on W(2r;n), defined as follows. Let m — 2r and let 

(j> H : Z m -> Z' m /(e l + e v = e 3 + ej> | 1 < i < j < r) 

be the quotient map. Then the coarsening of the canonical Z m -grading on W(m; n) 
induced by 4>h is a Z r+1 -grading, which restricts to the subalgebras H(m;n), 
H(m;n)^ and H(m; n)^ 2 \ 

Similarly, the canonical Z r+1 -grading on K(2r + l;n) is the restriction of a 
coarsening of the Z m -grading on W(2r + l;n), defined as follows. Let m = 2r + 1 
and 

4> K : Z m -»• Z m /( £l + £i , - e m j 1 < i < r) 
be the quotient map. Then the coarsening of the canonical Z m -grading on W(m;n) 
induced by </>k is a Z r+1 -grading, which restricts to the subalgebras K(m; n) and 
K(m;n)^\ 

Definition 2.7. Let L = H(m;n)( 2 ' or K(m;n)^ and X = H or K, respectively. 
Let G be an abelian group, and 9 a group homomorphism from cpjf (Z m ) to G. The 
decomposition L = Q) geG L g , given by 

L g = Span{x (a) a fe | 1 < k < m, 9ip x (a - e k ) = g}DL, 

is a G-grading on L. We call it the standard G-grading on L induced by 6, or just 
a standard G-grading on L if 9 is not specified. 

We can summarize the above discussion as follows. 

Lemma 2.8. Let L = W(m;n), S(m;n}^ , H(m;n)^ or K (m; n)*- 1 ' . A grading 
by a group G on L is a standard G-grading if and only if we have 77(G) C Tx where 
X = W , S, H or K , respectively. □ 

The goal of Section 4 is to show that if G has no elements of order p then 77(G) is 
always containted in a maximal torus. Hence, a conjugate of 77(G) will be contained 
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in Tx, which will mean, in view of Lemm.a l2.8l that the G-grading is isomorphic to 
a standard G-grading. 

3. The automorphism groups of simple graded Cartan type 

Lie algebras 

The automorphism group of each simple graded Cartan type Lie algebra is a sub- 
group of the automorphism group of the Witt algebra, which in turn is isomorphic 
to a subgroup of the automorphism group of 0(m;n). We will describe the auto- 
morphism groups of the Cartan type Lie algebras as subgroups of the automorphism 
groups of 0(m;n). 

We start by introducing so-called continuous automorphisms of 0(m;n). 

Definition 3.1. Let be the set of all m-tuples (j/i, . . . ,y m ) 6 0(m;n) m 

for which det(di(yj))i<i.j< m is invertible in 0(m;n) and also 

jji = cti(a)x( a ' with cti(p L ej) — if Hi + I > rij. 

0<a<T(n) 

The group of continuous automorphisms of 0(m;n), Aut c 0(m; n), is denned 
as follows [T3J Theorem 6.32]. For any (yi, . . . ,y m ) € A(m;n) we define a map 
0(m;n) — > 0(m;n) by setting 

\0<a<r(n) / 0<a<r(n) i=l 

where y( q \ geN, denotes the q th divided power of y [13l Chapter 2]. 
We have a map $ from Aut c 0(m; n) to Aut W(m; n) defined by 

*wo f E ( E a*) o ^ _1 > 

\l<i<ro y \l<i<m / 

where the elements of W(?n;n) are viewed as derivations of 0(m;n). 

Theorem 3.2. [13l Theorem 7.3.2] The map $ : Aut c 0(m;n) -> W(m;ri) is ok 
isomorphism of groups provided that (m;n) ^ (1,1) if p = 3. Also, except for the 
case of H(m; n)^ with m = 2 and min(ni, n 2 ) = 1 if p = 3, 

AutS(77i;n)W = $({V> € Aut c 0(m;n) I V-(^s) 6 F x uj s }), 
AutH(m;n)W = e Aut c O(m;n) \ ^h) E F x oj h }), 

AutK{m;n)^ = G Aut c 0(m;n) j V(^/f) G 0(m;n) x W}f}) 

□ 

Remark 3.3. The map of the tangent Lie algebras corresponding to $ is a restric- 
tion of ad : W — >• Der and hence injective. It follows that $ is an isomorphism 
of algebraic groups. 

We will use the following notation 

S(m;n) = {tp € Aut c 0(m; n) \ ip(ujs) G F x u>s}, 
H(m;n) = {iJj € Aut c 0(m; n) \ iJj(uj h ) e .F x w ff }, 
/C(m;n) = G Aut c 0(m; n) | ip(u>K ) G 0(w; ri)* wfc}- 

The above groups are subgroups of W(m;n) := Aut c 0(m;n). We will refer to 
them collectively by X(m;n) where X = W, 5, % or /C. 
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4. GRADINGS BY GROUPS WITHOUT p-TORSION 

As mentioned in Section 2, to prove our Theorem 11.41 we need to show that 
rj(G) is conjugate in AutX(m;n)(°°) to a subgroup of the maximal torus Tx where 
X = W, S, H, K . We are going to use an important general result following from 
P2 Corollary 3.28]. 

Proposition 4.1. A quasi-torus of an algebraic group is contained in the normal- 
izer of a maximal torus. □ 

This brings us to the necessity of looking at normalizers of maximal tori in 
AutX(m;n) ( - 00 ). Using the isomorphism $ described in Section 3, we are going to 
work inside the groups W(m;n) = Aut c 0(m; n). 

4.1. Normalizers of maximal tori. We denote by Auto 0(m;n) the subgroup of 

m 

Aut c 0(m;n) consisting of all ip such that ip(xi) = ctijXj, ctij G F, 1 < j ' < m. 

3 = 1 

The group Auto 0(m;n) is canonically isomorphic to a subgroup of GL(m), which 
we denote by GL(m;n). If rij = nj for 1 < i,j < m then GL(m;n) = GL(m), 
otherwise GL(m;n) ^ GL(r7i). The condition for a tuple (y\, ■ ■ ■ ,y n ) to be in 
A(m;n), 

(1) yi = ai(a)x^ with a.i(p l ej) = if rii + I > rij, 

0<a 

imposes a flag structure on the vector space V = Spanjxi, . . . , x m }. 

Definition 4.2. Given n = (rii, . . . ,n m ), with m > 0, we set So = and then, 
inductively, 

Sj = 5j_i U {j | rij = max {n k }}. 

Set Vi = Span{x i | j G S,} for j > 0. Then = V C Vi C F 2 C • • • C V is a flag 
in V (i.e., an ascending chain of subspaces). We denote this flag by F(m;n) and 
say that an automorphism ip of 0(m;n) respects J : (m)n) if tp{Vi) — Vi, for all i. 

Condition (JXJ) implies that GL(m; n) consists of all elements of GL(m) that respect 
J"(m;n). 

According to [131 Section 7.3], Auto 0(m;n) R<S(m;n) = Auto 0(m;n), i.e., in 
the case of special algebras we have to deal with the same subgroup of GL(to) as 
in the case of Witt algebras. 

In the Hamiltonian case, V — Spanjxi, . . . , x r } © Span{xi<, . . . , av}, and ojh 
induces a nondegenerate skew-symmetric form on V, given by (xi,Xj) = a(i)Siji, 
for all i,j = l,...,2r. The image of Auto 0(m;n) P\H(m;n) in GL(m), m = 2r, 
is the product of the subgroup of scalar matrices and the subgroup Sp(m;n) := 
Sp(m) fl GL(m;n). This product is almost direct: the intersection is {±Id}. 

The maximal tori Tx in Aut X(m; n)(°°' described in Lemma [2.61 correspond, 
under the algebraic group isomorphism $, to the following maximal tori in X(m\ n): 

Tw = Ts = {iJj e W(m;n) | = Uxi, U e F x }, 

Th = {i> G W(m;n) | ip{xi) = Ux u U e F x , UU> = tjtf,}, 

Tk — {"0 G W(m;n) | ^(aij) = Uxt, U G F x , t^/ = tj^/ = t m , 1 < i,j < r}. 
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A convenient way to view the elements of the above tori is to view them as m- 
tuplcs of nonzero scalars. Define A : (F x ) m — > Auto 0(m;n) where X(t)(xi) = tiXi 
for f < i < to. Then A((F x ) m ) = T W - 

Definition 4.3. We will say that t £ (F x ) m is X -admissible if X(t) £ Tx, where 
X = W, S, H or K. 

An important subgroup which we use for the description of the normalizer 
Nx{m;n){Tx) for X = W,S,H or K, is the subgroup M(m;n) of W(m;n). 

Definition 4.4. Let Ai(m; n) be the subgroup of W(to; n) that consists of ip such 
that, for each 1 < i < m, we have ip(xi) — ctiXj i where oti £ F x and f < ji < m. 

Thus A4(m; n) C Auto 0(m; n) is isomorphic to the group of monomial matrices 
that respect the flag. 

Lemma 4.5. The subgroups N W ( m :n){Tw), A"5(m ; n)(7s) and iV«( m; „) (7ff) are con- 
tained in A4(m;n). 

Proof. We will show that iV W ( m; „) (Tx) C M(m;n) for X = W, S, H. Since 
X(m;n) C W(m;n) we have A r A'(m;n)(7x) C A r w(m;n)(7x)- 

Let V S A^yy( m .„)(7x). For any f < « < to the element Xi is a common 
eigenvector of Tx so ^(x^) is also a common eigenvector of Tx- Also, since ^ €E 
Aut c 0(m;n), tp(xi) — ai(a)x^ where, among other conditions, a^e^J ^ 

0<a<T(n) 

for some 1 < ji < m. 

First we consider the case X = W and X = S (recall that Tw = 7s)- 
It is easy to see that the eigenspace decomposition of 0(m; n) with respect to Tw 
is the canonical Z m -grading on 0(m;n). The homogeneous space O a = Span{:r>)} 
is the eigenspace with eigenvalue t a := t® 1 ■ ■ -t^ with respect to X(t) £ Tw- It 
follows that ip(xi) £ O a for some < a < r(n) since ip(xi) is an eigenvector of 
Tx- The condition that a^tj^ ^ for some 1 < ji < to forces a = e^. Hence 
V> £ A4(m;n). 

We continue with the case of X = H. 

The torus Th is contained in Tw- In order for X(t) £ Tw to belong to Th, 
the TO-tuple t must be iJ-admissible, i.e., satisfy Uti' = tjtji for 1 < i,j < r 
where to = 2r. The eigenspace decomposition of 0(m;n) with respect to Th is a 
coarsening of the canonical Z m -grading. The eigenspace with eigenvalue t a with 
respect to X(t) £ Th is Q a '■= ©Ofc where the direct sum is over the set of all b 
such that t a = t b for all iJ-admissiblc t. If Ob ^ and tk = t b for all _ff-admissible 
t, then b — Ek since all the entries in the m-tuple b are non-negative. This implies 
that Q £k = Spanjrr/j}. Now ip(xi) £ Q a for some < a < r(n) since ^(xi) is an 
eigenvector of Th- The condition that a^e^J 7^ for some 1 < ji < 2r again forces 
a = £j 4 . Hence V S A4(m;n). □ 

For the case of contact algebras, similar arguments do not give us that 
N W ( m ;n)(TK) is in M(m;n). 

Lemma 4.6. If ' ip £ A K („ 1: „)(Tr-), to = 2r + I t/ie« 

r 

(2) ip{x m ) = a m (e m )x m + ^ a m (si + e v )xix v 

1=1 

and, for 1 < i <2r, we have ip{xi) — cti(ej i )xj i where 1 < ji < 2r. 
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Proof. We will prove that any t/j G -/Vyv(m;n)(7}f ) has the form above. Since Xi is a 



conditions, a^e^) ^ for some 1 < ji < m. 

The torus Tk is contained in Tw ■ In order for a A(t) to be in Tk, the m-tuple t 
must be If -admissible, i.e., tjtj/ = t m for 1 < i < r. The eigenspace decomposition 
of 0(m;n) with respect to Tk is a coarsening of the canonical Z™-grading. The 
eigenspace with eigenvalue t a with respect to X(t) G Tr- is 

= © Of, where the direct sum is over the set of b such that t a = t b for all 
AT-admissible t. If Ob ^ and i fc = t% for all AT-admissible t, 1 < fe < 2r, then 
b = Sk since all entries of the m-tuple 6 are non-negative. This implies that R Sk = 
Spanjx/j} for 1 < k < 2r. If Ob ^ and i b = t m for all A"-admissible t then either 
6 = e m or 6 = where 1 < i < r. This implies that R Sm — SpeLii{x m , XiXi> \ 1 < 

i < r}. 

Now il)(xi) G i? a for some < a < r(n). The condition that atj(ej- 4 ) 7^ for some 
1 < ji < w forces a = . Note that the dimension of R Ei is 1 for 1 < i < 2r and 
the dimension of R £m is r + 1. Hence, for 1 < i < 2r, we have ip( x i) — a i( E ji) x ji 
for some 1 < ji < 2r. Also, tp(x m ) G i? Em which implies ©. □ 

4.2. Diagonalization of quasi-tori. In this subsection we prove that any quasi- 
torus in Aut X(m; up 00 ' is conjugate to a subgroup of the maximal torus Tx, where 
X is W, S, H or K. As before we pass from Aut X(m; to X(m;n) by virtue 

of the isomorphism $ described in Section 3. 

Proposition 4.7. Let Q be a quasi-torus contained in N x ( m ;n)(Tx) where X = W 
or S. Then there exists ip G X(m\n) such that ipQip" 1 G Tx- 

Proof. Recall the flag .F(m;n), 



Let Ui — Spanja^ | Xj G Vi, Xj i Vi_i}. Then Vi = 0[/j. Since Q C M(m;n) 



we have Q(Ui) = Ui. (Here, as before, we identify Auto 0(m;n) with a subgroup 
ofGL(m).) 

Restricting the action of Q to Ui, we obtain a subgroup of GL(J7 i ). Since Q\u t 
is a quasi-torus, there exists a G GL([/;) such that PiiQlu^Pf is diagonal. We 
can extend the action of Pi to the whole space V by setting Pi(y) — y for all y G C/j, 
i j. These extended Pi respect !F{m]n). The product of these transformations, 
P = Pi • • • P, is an element of Auto 0(m;n), which diagonalizes Q. □ 

In order to obtain the analog of Proposition 14.71 in the case of Hamiltonian 
algebras, we consider the canonical skew-symmetric inner product ( , } on V given 
by (Xj,x k ) = o-(j)Sj. k/ , for all j, k = 1, . . . , 2r. 

Lemma 4.8. Let Q be a quasi-torus contained in Sp(m;n). Then there is a basis 
°f V such that (ej,ek) = cr(j)Sj i k', all ej are common eigenvectors of Q, 
and Vi = Spanjej j G S^} for all i. 

Proof. We can decompose V = V 1 where V 1 are the eigenspaces in V with 
respect to Q, indexed by 7 G X(Q) where X(Q) is the group of characters of Q. 




V C Vi C • • • C V 
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Since Q(Vi) = Vi for any i, there is a basis such that yj are eigenvectors of 

Q and each Vi = Span{yj | j £ Sj}. 

We have (xj,Xk) — u(j)5j.k'- We will show by induction on r that there is a 
basis {ej}^! such that (ej,ek) — &{j)fij,k', all &j are common eigenvectors of Q, 
and = Spanje^ | j £ Sj}. The base case r = 1 is obvious. 

We have a basis {2/j}j=i such that j/j are eigenvectors of Q and each Vi = 
Span{j/j | j £ Si}. We apply a process similar to the Gram-Schmidt process to 
find a new basis of common eigenvectors for Q that satisfies the desired conditions. 

Since V\ ^ and (, ) is nondegenerate, (V\, Vi) ^ for some I. Let / be minimal, 
i.e., (Vi, V{) ^ and (Vf, Vi) = for i < I. So there exist y s £ Vi and £ V; such 
that (y s ,yt) 7^ and (y^jVi) = if i < / by the minimality of I. Let 7, e X(Q) 
be the eigenvalue of yj. Since Q consists of symplectic transformations, we have 

Is = It 1 - 

For j ^ s, t, let 

= {y s ,yt)yj - (y s ,Vj)yt + {yt,y 3 )y s - 

The Zj with y s and yt form a basis of V. They also satisfy 

(y s ,zj) = (ys,yt)(y s ,yj) ~ (y s ,yj)(y s ,yt) + {y t ,y 3 ){y s ,y s ) = o, 

and similarly (y t , Zj) = 0. 

We also have the property that Zj £ Vi if and only if yj e Vi. Indeed, for i < I 
and yj £ Vi, we have {y Sl yj) — by the minimality of I. This shows that Zj is in 
Vi + Vi and hence Zj £ Vi . For i > / and j/j G Vi we have t/j , j/t , y s £ Vi which 
implies z 3 £ Vi. Finally, we want to verify that Zj are common eigenvectors of Q. 
There are three cases to consider. 
Case 1: 7, ± if 1 

Recall that 7^ = j t . Since jj ^ jf 1 , we have {y Sl yj) — {yt,yj) = 0. This 
means Zj — (y S7 y t )yj 7 which is an eigenvector with eigenvalue jj. 
Case 2: 7,- = j s or 77 1 , and j s ^ 77 1 . 

Suppose 7j = 7 S . Since jj ^ 77 , we have (y s ,yj) = 0. This means Zj = 
(y s ,y t )yj + (yt,yj)y s , which is an eigenvector with eigenvalue 7, = 7 S . A similar 
argument applies if jj = 77 1 • 
Case 3: 7,- = 7 S = 77 1 . 

Since Zj = (y s ,yt)yj ~ (y s ,yj)yt + {yt,y 3 )y s and 7 S = 77 1 = j t , we see that Zj is 
an eigenvector with eigenvalue jj . 

In order to use the induction hypothesis we relabel our basis as follows: Pick 
x q £ Vi with (x q , Vi) 7^ 0. Since (Vf, V^i) = 0, we have x q i £ V and x q , £ Vi-\. Set 
w q = y s , w q r = y t , w s — z q , w t — z q , and Wj = Zj for j ^ q,q',s,t. The relabelled 
basis still satisfies Vi = Spanjwj | j £ E t } since z q i,y t £ V, and z q ,y s £ V\. Also, 
(w q ,Wj) — (w q ' 7 Wj) = for j ^ q,q', (u> g ,uy) ^ 0, and Wj are eigenvectors of Q. 

Let V = Spanjwj | 1 < j < 2r, j ^ q,q'}- Then V' is invariant under Q, and 
the quasi-torus Q\y satisfies the conditions of the lemma with the flag 

VI = Span{«7 | j £ \ {q, q'}} = V n V. 

Since dim V' < dim V , we can apply the induction hypothesis and find a basis 
{ e j}j^q.q'i 1 < J < 2r, such that (ej,ek) — <r(j)5j i k>, where ej are eigenvectors of 
Q\v> and V' % = Span{ej j £ 5, \ {q, q'}}. 
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In order to have a complete basis for V we set e q — -. rw q and e q > — Wq>. 



*(g) 



Then the basis {e^ is a basis with the desired properties, and the induction 
step is proven. □ 



In the following proofs we will deal with the differential forms u>h and u>k ■ 

Proposition 4.9. Let Q be a quasi-torus contained in N-^^.^Th) ■ Then there 
exists ip £ Sp(m;n) such that ipQip~ l C Th ■ 

Proof. By Lemma l4~5l A^( m;rl ) (7}j) C A4(m;n), which we regard as a subgroup of 
GL(m). Recall that any element of Auto 0(m;n) n "H(m;n) can be written as aS 
where a £ F x and S £ Sp(m;n). Let 

Q! = {S £ Sp(m; n) | there exists a £ F x such that aS £ Q}. 

Q! is a quasi-torus since Q is a quasi-torus. 

Let {ej}jL 1 be a basis as in Lemma l4~8l with respect to Q' , and define ip : V — > V 
by i>(xj) = ej for 1 < j < m. Since (ip(xj),ip(x k )) = (ej,e k ) = cr(j)5 j:k , = (xj,x k ), 
we have ip £ Sp(m). Since Vi — Spanje^ | j £ S;} = Span{xj | j e Ej}, we have 
ip(Vi) = Vi. Hence ip £ Sp(m;n). Since are common eigenvectors of Q', we have 
tp~ 1 Q'ip C Th- Since every element of Q has the form aS with a £ F x and S £ Q', 
we have ip^Qip C 7}/. Replacing ip with V 1 " 1 ! we get the result. □ 



In order to get a similar result for the contact algebras, we use the Hamil- 
tonian algebras contained in them. Let m — 2r + 1, n = (m, . . . , n-zr+i) and 
n' = (ni,...,n 2r ). 

Lemma 4.10. Let ip £ Auto 0(2r; n'). If ipiwn) = cxojh then there exists ip £ 
fC(2r + l,n) such that ip\o(2r;n') =ip and ip(x2r+i) = aa^r+i- 

1r 

Proof. Suppose ip £ AutoO(2r, n) given by ip(xi) = a i,j x j nas the property 

3=1 

ip(uin) = otuiH- Since 



ip(u H ) = ipi^dxiA dx i+r = ^ d{ip(xi)) A d{ip(x i+r )) 

\i=l / i=l 

r / 2r \ / 2r \ 

i=l \j=l / \fc=l / 

l<j"<fc<2r \i=l / 

we have 5Z[=i "i.j'^i+r.fc - a^aj+rj = for 1 < j < r. 
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Define ip G Aut c O(2r + l,n) by setting ip(xi) = ip(xi), 1 < i < 2r, and ip(x m ) = 
ax m . Then 

= ip(dx m ) + ^> { [ ^^{x l dx l+r - x l+r dxi)^ 

r / ( 2r \ / 2r \ 



It \ I 2r 



\fc=l / \j=l 

= adx m + I a I j«i+r,t - OLi^kOti+r,] J XjCfefc 

l<j<fc<2r \i=l / 

+ 5Z I 5Z a h^ a i+r,j - <^i,j a i+r,k J x k dxj 

l<j<k<2r \i=l ) 

r r 

= adx m + axjdxj +r + y^(— a)xj+ r dxj 
= aujK 

Therefore, <E K.(2r + l,n). □ 

Proposition 4.11. Lei Q be a quasi-torus contained in -/Vj<;( m:n )(Tk). XTien i/iere 
exists ip 6 IC(m;n) such that tpQifj -1 C Tr - . 

Proof. Let /i € Q C iVyc( m .„)(Tk). By Lemma l4.6[ we have = 0^:% for 

r 

1 < i < 2r and fi(x m ) = a m x m + Pixixy . Since /i S K,(m;n), we must have 
[i(ujk) £ 0(m;n) x ujK- On the other hand, 

/iK) = M I + y^(^fej' - X V dXi) J 



y^/3zx;a;z< ) + c^ov (xj^Xj., — Xj^dxj^ 

1=1 ) i=l 

r 

dx m + y^ (3i(xidxi> + xi'dxi) + c^ov (x^dxj., — xj^dxj^ 



XmXm T 



«... 

2 = 1 i=l 

It follows that /i(ua') = a m wx since the only term with dx m is a m dx m . 
We want to show that /i|o(2r;n') belongs to H(2r;n'). Indeed, 

Cr \ r 

da; m + y^(xi(ia;i' — Xi>dxi) ) = ^^(e^Xicfcci' ) — d(xi>dxi)) 
i=l / i=l 

r 

= ^^(da;,; A ctei' — G?av A dxi) = 2w#, 
i=i 

and hence 

2h(uj h ) = h(2uj h ) = n{<fa) K ) = dfi(uj K ) = d{a m uj K ) = 2a m u Hl 
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so n\o(2r,n') G %(2r;n'). 

We have shown that A^( m;2 \(7K:)|o(2r;n') C H(2r;n'). Moreover, since the 
restriction of Tk to 0(2r;n') is Th, where Th is with respect to H(2r;n'), we 
have Afc( m; „)(7x)|o(2r,ri') C N n ^r-,n')(TH)- By Proposition glJJ there exists t/» G 
Sp(2r;n') such that ^(Q|o(2r,n.'))^ _1 C Th- 

By Lemma 14.101 we can extend i/j to an automorphism ip in lC(m;n) such that 
V'(iEi) = ^i(xi) for 1 < i < 2r and ip( x m) = x m (since ip(cJu) = ^h)- Let \i G Q 
as before and set p = jpfitp . Then p(xi) — jiXi for 1 < i < 2r, y+ G F x , and 
p(scm) = OL m x m + y where y = i> QI[=i Pixixv). Furthermore, 

p(u H ) = ipfiip {(*>h) = ^K^h) = ip{a m u H ) = a m u H and also 



p(uj H ) = pi^dxi A dxi> J = dp(xi) A dp(xy) = Jiji'dxi A da;;/. 
\l=l / i=i i=i 

Hence we conclude that jiyi' = a m for 1 < I < T and 

r 

p(wk) = a m dx m + dy + 7,7^ (x^dxj., - Xj., dx Jz ) 

i=l 



+ dy + a^y^da^ - Xydxi) = a m u K + dy. 



1=1 

On the other hand, p(ujk) = V'A* 1 /' (^k) — iPp(^k) = tp(a m uJK) = a m ^K- Since 
= d(ip(£d=i Pmxv)) = ip (d(X)[ =1 Pixixv)), we obtain: 

(r \ r 

y^^lXiXf ='^2f3 l (xidx l , +x v dxi), 
1=1 / 1=1 

which implies /3; = for 1 < / < r. It follows that p G Trt. □ 

Proposition 4.12. Le£L = W(m;n), 5'(to;?t-)( 1 \ H(m-,n)^ orK(m;n)^ and let 
Q be a quasi-torus in AutL. Then there exists \& G AutL such that ^Q^^ 1 C Tx 
where X — W . S, H or K , respectively. 

Proof. Let Q be a quasi-torus in AutL. It follows that Q := is a quasi- 

torus in X(ra\ n). By Proposition ^. 11 Q is contained in the normalizer of a maximal 
torus in X(m\n). Since all maximal tori are conjugate, without loss of generality 
we may assume that Q C Nx( m -,n) (Tx)- Now Propositions 14.71 3. 14.111 show that 
there exists tp G X(m\n) such that ■0QV'" 1 C Tx- Hence 

$(V)Q(*W0) _1 = *tyO$(fi)($(VO) -1 = ^W-Q^F 1 ) c §(73r) = Tx. 

□ 

We can now prove Theorem 1 1.41 

Proof. Let L — W(m;n), S'(m;ri)( 1 ', H(m;n)^ or ^(mjn)^). Suppose L = 
©gGG ^ff * s a G-grading where G is a group without elements of order p. Without 
loss of generality, we assume that the support of the grading generates G. Let 
rj : G — > Aut L be the corresponding embedding and Q :— 77(G). Then Q is a quasi- 
torus in Aut L. By Proposition ^. 121 we can conjugate Q by an automorphism ^ of 
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L so that WQ* -1 cTx- It follows from Lemma Ell that the grading L = © geG L' g , 
where L' g — ty(L g ), is a standard grading. □ 
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